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PREFACE. 


This little book on Geometrical Conics is intended 
for the use of students preparing for the Intermediate Exa¬ 
mination of the Punjab University, and hence the Parabola 

and Ellipse only are included. 

The books generally used in the Colleges cover 
much more ground than that covered by the syllabus 
laid down by the Mathematical Board and are, on that 
account, very much perplexing to a beginner. In pieparing 
this book, we have, therefore, kept in view the prescribed 
syllabus and have endeavoured to follow the lines suggested 
as far as possible. In order to increase the value ot the 
book, we have inserted a number of various questions 
and have also taken the liberty oi giving brief lints and 
sometimes full solutions of the more difficult exercises, 
by which means we hope many students will be induced 
to try these for themselves who would otherwise never 

attempt to solve them. 


D. A. V. College. ^ 
Lahore / 

January, 1913. J 


Devi Dyai ♦ 
K. M. Ghosh. 
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Pago 35, lino 11, for “ 4AS, AN ” read 4AS. AN. 
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GEOMETRICAL CONICS. 


DEFINITIONS. 


A Conic is a curve traced out by a point wliicli 
moves in a plant' in such a manner that its distance from 
a fixed point in the plane is always in a constant ratio to 
it> perpendicular distance from a fixed straight lino 
in the same plane. 

The fixed point is called the focus. 

The fixed straight line is called the directrix. 

Xote. The focus is usually denoted bv the letter 

* * 

S, the fir>f letter of the word Sol or sun, since the orbits 
of heavenly bodies are conic sections having the sun in 
their common focus. 


The ratio which the distance of any point on a 
conic from the focus bears to its distance from the direc¬ 
trix is called the eccentricity of the curve. It is 

usually denoted by the letter e. 

A conic is called a parabola, ellipse, or hyper¬ 
bola, according as its eccentricity is equal to, less than 
or greater than unity. 


The axis of a pome is the straight line drawn through 
the focus perpendicular to the directrix. 


The vertex of a conic is the point where the axis 
intersects the conic. 
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CONICS 


CHAPTER I. 
The Parabola. 


Since in a parabola, the eccentricity = I, it follows 
that*— 11 ie distance of every point on a parabola from the 
focus is equal to its distance from the direct rix. 

# 

Def. A parabola is a curve traced out by a 
point which moves in a plane in such a way that its dis¬ 
tance from the focus is always equal to its distance from 
the directrix. 


Proposition 1. 




Given the focus and. the directrix of a 2 }ara bola, to de 
ter mine any number of points on the curve. 







k . 






Let S be the focus and MM' the directrix. 

Draw SX perp. to the*directrix, and bisect 

Then A is a point on the parabola, •/ SA = 
it is its vertex. 

















THE PAHA BOM 


o 


Take any point N in AS or AS produced. Through 
X draw a straight line PNP' perp. to AS. 


"With centre S and radius equal to XX • draw a circle 

cutting PNP at P,P'. ' 


Then P,P' are points on the parabola. 


Join SP,SP' and draw PM, P'M' perpendiculars 

to the directrix. 


Now SP=XN (being radii.) 

= PM (opposite side of a rectangle.) 

'Similarly SP' = P'M 


' \ P and P' are, hv definition, points 4411 the para- 

. * 

Similarly, by changing the position of the point X in 
/ AS or in AS produced, we can determine any number 
of pairs of points like P, P' on the parabola. 



iYWc. 7. In order that the construction may ho 
possible, the circle must cut the perpendicular through X, 
i.e., the radius of the circle which is equal to XX must 
u not be less than SX, which is the perpendicular distance 
/ s of the chord from the centre S. The point N may, there¬ 
fore, be taken arlytohern in XA jinduced* Hence the 
parabola extends to infinity and is not a closed curve. 





Def. A curve is said to l>e symmetrical about 
a straight line, when tliat line I>isects every chord of the 


curve drawn at, right angles to it. 


. ■■mu p # 1 

,y ole 2. PP' is ii chord of the circle whose centre 

is S and SX is drawn perp. to it,.'. PP' is bisected at N. 

\ 



But. SX is the axis of the parabola and PP' is «,,// 
chord of the parabola which bus been bisected .it light 
angles by the axis y ' ■ 

o v 
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CONICS 



. . In* definition, the parabola is symmetrical with 
pect to the axis. 


res- 


V dte 


o. Alternative construction. Join S to any 
point M on the directrix; draw MP at right angles to the 

directrix and make L MSP - L SMP. P is °a point on 
the parabola. 




lsoU> 4. Mechanical const ruction. —-Lot. S be tho 
focus and MX the directrix. Take a straight rod MQ, 
one end M of which can be made to move over the direc¬ 



trix, while tlio rod remains perpendicular to It. lake a 

string equal in length to the rod and fasten one end of it 

to Q. Now if the rod is made to move, the point of a 

pencil, lb which keeps the string always tight and pressed 

against the rod, will trace out a parabola. For, as M 

* 

moves along the directrix, SP is always equal to PM, 
since the length of the string is equal to that of the 

rod MQ, 

■ 























THE rARABOLA 



Exercises. 


✓ 


m 

1 Alternative construction. Bisect 6M in IS, M being 


any point on the directrix. Draw EP perp. to SM, meeting Ml\ 
the perpendicular through M to the directrix, in P. Prove that P is 
a point on the parabola. 

* / Jf 

J v 2- Construct a parabola, having given the focus and the vertex. 

. Every straight line parallel to the axis of a parabola cuts 




the curve at one point only 


Hence show that the parabola has only one vertex* 


[Prove it by the indirect method.] 

"A The distance from the focus of any point inside the parabola Is 
less and of any point outside the parabola is greater, than its 

distance from the directrix, 

j$. Focal radii vectores which are equally inclined to the axis. 


on opposite sides of it, arc equal. 

<*q3. From the focus B of a parabola two equal straight lines 
BP, are drawn to the curve. BUew that (i) the straight line 

PQ Is perpendicular to the axis ; (ii) BP and BQ arc equally inclined 

tothcaxb. ( 1j,fO 

Kji, Having given the focus afu| two points on tliy parabola, 
r fhew how to describe the curve. ^ "**y7 ^ f IP 

v A Ac :■ :* ■ '.>/ : > iUi* h *** >** 

1% PSp is a straight line through the focus meeting the 
parabola in P; p. PJI and pm are drawn perpendiculars to the 
directrix. Prove that MBm is a right angle. 

vO. The locus of the centre of a circle which touches a given 
circle and a given straight line is a parabola. 


[The focus Is the centre of the given circle, and the directrix a 
straight line parallel to the given straight line at a distance from it 
equal to the radius of the given circle.] 


CONICS 


/ ■ . . 9 ; 

10. rsp is a straight line through the focus, cutting the 

parabola in P and p. PN and pn are drawn perp. to the axis. Prove 
that AN. An = AS3. 

TOW !||J I I „ 

r SN SP NXft flV $AN AN 

I Sn“Sp nX nX4-4 t i 2AS ~ Xis* ... * J 

~ ic * i i/* 

Cross multiply and proceed ** nr* ~ 



Definitions. A focal cliord of a conic is any 
caord passing through tlie focus of the conic. 

The latus rectum of a conic is the focal chord 
perpendicular to the axis. 


Proposition 2. 


The lotus rectum (LU) of a parabola is four times 
the distance of the vertex (A) from the focus (S) 

(LL’= 4 AS.) 



Let LI/ be the latus rectum. 

Draw LM perpendicular to the directrix. 






THE PARABOLA. 


7 


• the parabola is symmetrical with respect to the 


axis, .\LL' = 2Lft. 




But SL = L1I (Dei*, of a parabola ; 

= SX (opposite side of a rectangle; 

= 2 AS (•/ A is the middle point of SX; 
/.LL' = 4AS. 


Ef - J 




Exercises. 



11. The circle described on LL' as diameter touches the direc- 
trix at X. 

} 


12. The radius of the circle described about the triangle LAL' 


: b latus rectum. 




vl3. Given a parabola and its axis in position; iintl the focus and 
the directrix. 

L [From any point in the axis draw NQ perpendicular to the axis; 
off-NQ=2AN ; join QA, cutting the parabola at L. Draw LS per- 
pendicuiar to the axis; then S is the focus.J 


V 


Definitions. The perpendicular upon the axis 
from any point, on a conic is called the Ordinal o 
point. 

Tho abscissa of any point on a conic is the portion 
of tho axis intercepted between tho vertex anti the 

ordinate of the point. 

















CONICS 


Proposition 3. 

I 

The ordinate (PN) of any point (T) on a paraholu 

a proportional between the hit us rectum (4 AS) and 
the abscissa (XV;. (PX* = 4AS. AN). 



Join SP and draw PJf perpendicular to tlie directrix 


Since X is ;i right anoie. 




* 


t t 


*. PX 3 = SP 3 —SX 3 (Theorem of Pythagoras.) 

m 


Bin, SP = P3I = XX (opp. side of a rectangle.) 

“ XA -j- AX = AS *f- AX; 
and SX = AX — AS; 




PX 3 =(AN+AS) 3 - (AX - AS) 3 
= 4AS. AX. 











THE PARABOLA 


9 


Exercises. 

Q &, 

J %/ 34. Show that lb 1 local radius vector of any point on a parabola 
is equal to the sum ol' the abscissa and a quarter of the Latus rectum. 

/ /l5. If the ordinate of any point on a parabola is equal to i*s 

abscissa, either of them is equal to the latus rectum. 

*16. If PL be drawn at right angles to AP, meeting the axis in 
L. XL is always equal to the latus rectum. fN f rf^* A N 

a ' /, HlzifAS, pfftuks.Atf : 

•'17. If a circle be described about the triangle STX, the tangeirt 




to 


CiJ’s A$,A ft A mA/tt'; Hhi. AffPftf *.* ^ 



it. from A= ~ PX. 

4 If a chord PQ cuts the axis O, and if TM, QX be ordinates 
prove that AM. AX=A02 

C P M2 4AS.AM AM u ^ PM 2 OM 3 (AM - AO) 3 

Q>Lr = 4ASrAN == AN ’ but QX^ 0X2 (aO-aN}* i 


AM (AM-A0)2 
•** AX 


Attjf +1 It Ay* Mtt+tofa 



w\—\w> 1 cross multiply ami proceed] AU n w 

(AO-AS,. , 

pi»,V HO. A circle lifts its centre at A, and its diameter is equal to 3 AS. * 
/^f?how that the common chord of the circle and the parabola bisects 

Wfo4**<* * M>rJt*t'tU arfgittMiu*. *fr*»A A 

* lS HA* V AM* 4rii*%*^A /> A St2 

ySo.vxhc IattiTrcetnin is a mean proportional between the double 
mates of the extremities of i^focal ilSjib (See Kv* 1UJ , 

21. Ar is a chord of a parabola ; rh is diawif pti pcndiudar t > 

AP to meet the axis at Iv* If PX is the ordinate of 1, show 
that X K<= the latus rectum* v ^ 

* 22. PM,QX are the ordinates of ihc extremities of two chords 
AP,AQ which are at right angles to each other* Prove that 

AM.AN *= (latus rectum) ,J * 

[The triangles A PM, AQX are similar ; I’M : AM : : AX : XQ*] 
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CONICS 

Proposition 4. 


If any chord QQ' intersects the directrix in D, then 
&I) bisects the exterior angle between SQ and SQ'. 



Produce QS to q. 

Draw QM, Q'M' perpendiculars oil the directrix. 

V ihe As DQM, DQ'M'are equiangular, 

. QD _QM 
" Q'D Q'M” 

But *.* Q,Q' are points on the parabola, 

SQ = QM; SQ' = Q'M'. 

m 

. QD SO 
* * Q'D ~ SQ 7; 

ix., the base QQ' ot the A QSQ' has been divided 

externally at 1 1 into segments bearing the ratio of the sides 
of the triangle, 

c 

si) bisects the vertical L QSQ' externally, i.e., 
bisects L Q'Sq. 












TIIE PARABOLA 
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Exercises. 

v 23. Q.Q' are two points on a parabola of which S is if the focus. 
The angle QSQ' is bisected externally by a straight line which meets 
the chord QQ' produced at D. Trove that D is a point on the 

directrix. 

V^24. Given the focus and two points on a parabola, find the 

ft 

directrix. 

[Find a point D on the directrix by the preceding example, b rom 

D draw a tangent to the circle described with Q as centre and radius 

QS.l 


v*. _ . 


/ 


(i & 


25. Q is a point on the parabola. If QA produced meet the 
directrix in D, MSD is a right angle, H being the foot of the per¬ 
pendicular from Q on the directrix. 

/ p 

DQ is a straight line meeting the directrix of a parabola 
at D and the curve at Q. The angle DSq is made equal to the angle 
] )SQ. If uS be produced to meet DQ—produced if necessary—at Qf 

show that Q is a point on the paiaboia. 


Vo? 


^7. Given the focus and the directrix, trace the parabola by 

means of the preceding example. f 

[Determine the vertex A and then joining A to a variable point 

on the directrix, find the corresponding point on the parabola by 
help of the preceding example.] 

28. A straight line cannot intersect a parabola in more than two 
points. 

V 29. Pp is a fixed chord of a parabola, and O a variable point on 
the arc cut off by it; if TO, pO produced intersect the directrix in M, 
in, then the angle MSm is constant. 

/30. The straight lines joining the extremities of any twojycid 
chords of a parabola intersect on the directiix* 
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comes 


Proposition 5. 


The portion of the 
intercepted bettceen that 
k njio angle at the focus. 


tangent to a parabola at any point, 
point and the directrix subtends a 



directrix in ]). 

— w 0 . 

m i A ' ►- T | % 

Then SD bisects' the exterior L Q'Sq. [Prop. 4. 
^ (,u ’ ths chord QQ' he made to rotate about the 
point Q until the point Q' moves up to and coincides 
^vifch Q, so that the chord QQ'D becomes the tangent 

^ v O 

QZ to the parabola at Q. 

j this limiting position of the chord QQ', since 
Q and Q coincide, the angle QSQ' vanishes, '■and 
the angle Q'Sq becomes equal to two right angles. 
]>uf . SZ always bisects Z Q'Sq, in this case L QSZ 
is aright angle. f * 






CHE PARABOLA 


/ 
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Cor. If a straight; line drawn from a point on 
a parabola to a point on the directrix subtends a right 
angle at the focus, then the straight line is a tangent 
to the parabola at that point. This is the converse 
ot Prop. 5, and can he easily proved 1j 
method. 


bv the indirect 




Exercises. 


31. U-c the converse of this proposition to draw 
paraloln at a given point on the curve. 


a tangent to a 



The tangents at the extremities of the lutns rectum of a para¬ 


bola intersect the directix at X. 

Proposition 6. 




(libftt rt tuitv i uv finthi luonbor r i#/ t nr jniffM* uriti 

the perpemlicular drawn from the point on the directrix 
and converse !//. 


The tangent at any point of a parabola Insects the 
ujle which the focal distance of the point, makes with 

7*1 * I * it # - , f t + 




hm. the tango lit at V meet the directrix in Z 
tiL\v PM pern, to the directrix and jotu*.fel . 


? • 






34 


€0253 OS 


Then PZ shall bisect L SPM, 


Join SZ. 


The L PSZ is a rt. angle for it is subtended at the 
focus by the tangent PZ. 






Now in the two right-angled triangles SPZ, MPZ. 
V hypotenuse PZ is common, 


and SP = Pi\I ( Def. 


• Z SPZ = Z MPZ, i. <?., PZ bisects Z SPM 


For if not, and if possible, let any other line PZ' 

** • 

be the tangent at P. Then, by what has been proved, 
PZ'will bisect Z SPM but by hypothesis, PZ is the 
bisector ; this is impossible ; .'.PZ is the tangent at P. 


Cor. The tangent at the vertex of a parabola is 
perpendicular to the axis, since it bisects the straight 


angle SAX 


Exercises. 



aa. In the figure of Ibis proposition, shew that PZ biscct$ S 
at right angles. 




< 'onversely, if PZ bisects Z SPM, then PZ shall bo 
the tangent at P. 





\/ 34 - Any point on the tangent at P is equidistant from S and M. 


/ 


33. Two parabolas which have a commons focus and their axes 
opposite directions intersect at right angles- j. 





THE PARABOLA. 


Def. Two curves are said to intersect at ri 
angles, when the tangents to the curves at a point 
intersection are at ri^ht angles to each other. 

O O 

J . 

. y, 1 30. 'he tangent at any point of a parabola cuts the clirec 

the latus rectum produced at points which arc equidistant jforom 

^ the focus. ^ Pi tf it'.f Hs S’*- m ' , • 




- ^ ^ 37. Draw a tangent to a parabola making a given .angle wit 

C^” axis. ch*-Vf S P ***f«#f 4** Z* * * * 

uiAwfC'U'f, P roposition 7. K riA 



m 


; ' The tangents at the extremities of a focal chord oj^ a 

parabola intersect at right angles on the. directrue. 



Draw SZ perpendicular to the focal chord PSQ ; 
•Join 1*Z and QZ. 

Then PZ, QZ shall he tangents at P, Q; and the 
angle PZQ shall be a right angle. 

. im «. * * 

•; L PSZ = L QSZ = a. right angle ; 

/.PZ and QZ are tangents at P and Q. 











3 G 


Now, from P,Q draw PM, Qm perpendiculars fo the 

directrix. 


In the As SPZ, MFZ, 

V SP@ PM, PZ is common. 


and L SPZ= L 31 PZ (PZ 


" a tangent. 



L SXP= L MZP, i. e„ PZ bisects L SZM. 
Similarly, QZ bisects L SZm. 


L PZQ = J ( Z SZM+ L SZ 


= one right angle. 

t 

Exercises. 

/ 

38. Shew that Mm is bisected in Z. 

^39. Two tangents drawn to a parabola from any point on the 
directrix are at right angles to each other. 

^ 40. The circle described on PSQ as diameter touches the direc¬ 
trix at Z. 

1 4l * If the tangents at the extremities of a foeai chord meet the 
latu.fi rectum in D.l>, t lu'u*SD = SIV. (Apply Ex. 3G.) 

42. Shew that SM. Sm arc respectively parallel to ZQ.ZP. 

* 

43. Given two tangents at right angles, and their points of con¬ 
tact ; construct the curve. 


Definition. Tbe portion of the axis intercepted 
between the tangent at any poi.K of a conic and the 
ordinate ot that point is called the Sllbtang*dHt^ V 







tittup 



THE PARABOLA. 

Proposition S. 
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f it'* suhtangetd at any point of a parabola is bisected 

at the iv/'for. i.e,, Is equal to twice the abscissa of the 
jh out. 



let i*N, AN bo respectively th® ordinate and abscissa of 
tho point P. 

•' | . m- ' tB 1 . „ ** 

Then NT, tlio subtangent shall bo double of AX. 

•loin SI’ un<l draw I’M perpendicular t<> the directrix 



Then, L SPT = L TPM, •/ PT is the tangent at L'. 

- * * 

= L PTS (Alternate* tingles*, 

■* r *5 . • si • T : |L . . . ' £ 2 b *'% i * *' * & / j ’ 3 p .: 

/. ST=SP. 




18 


CONICS. 


* 4 /' 


) ►; 




But SP = PM=XX (opposite side of a rectangle) ; 


\ ST = XX ; 


also SA = AX ; 


by subtraction, AT==AN, and hence XT=2AN. 




t 


Exercises. 


M 


ft 


/. 


yC v 44 . Use this proposition to draw a tangent to a parabola at a 
given point on ttic curve. 

l4o. Jf T is the middle point of AX. prove that N is the middle 
point of AS. 


*' 4 G. The vertex of a parabola is equidistant from the tangent at 


any point on the curve and the straight line drawn through the foot 
of the ordinate of the point parallel to the tangent. 


If SM meets FT in Y. prove that NY = TY. Z ft 


48. FT is bisected by the tangent at the vertex. 




49. The tangent at A meets F V in Y. prov- that A Y^=AS. AN. 


[AY is half of IN—apply Preposition 3] 


Definitions. Tin straight line drawn through 

“ rn 

any point on a conic at right angles ro the tangent at 
that point is called the normal at that point. 


The portion of the axis intercepted between tlio 
normal at any point on a conic aiul the ordinate of 
that point is called the subnormal. 










& 
qV 

<. v 


THE PARABt LA. 

* 

Proposition 9. 
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'! he normal'at am/ point of a parabola makes equal 
amjles lei/h the focal distance of the point and the a.cis. 



f h 




1 

Jl 


lj'*f the Pmgen9 PT ami tlic non uni PG uf. any 
point P on the parabola meet the axis in T ami ( 
respectively. 

*Toin HP and draw PM perpendicular to the 
directrix. 

Now L SL’T= L MIT, PT is the tnn<rent at P • 

= L PTS (alternate angles.) 

But L TPU being a rigid angle— L PTS-f L P(1S ; 

^ w • w 

L SPG — L SGP, /. *%, the normal P(i makes 
eipuil angles with the focal distance SP and the axis X<i. 
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(’(>N 1 (!S. 



lie on a 
* 


Exercises. 

Frovc that ST— SI*=S( i • 

Shew that SM, TT bisect each other at right angles. 

PT cuts the directrix at Z. Prove that the points S, 
circle which touches 1’ti at P. 



M, Z 


i>3. tJse Ex. 50 to draw the normal at any point on a parabola* 

*'54. The normals at the extremities of the latns-rectum of a 
parabola intersect at right angles on the axis. 

%/ 

* *55. The straight line drawn through S parallel to the tangent 

PT bisects the normal PG at right angles. 

* 




hot the normal PG at P meet the axis iu G 
let PN be the ordinate of the point 1\ 
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THE PARABOLA. 

l'lipn N(I, the subnormal shall be equal to the semi- 
Jatus rectum. 

f 

Join SP, nnd draw I’M perp. to the directrix* 

Y L SPG = L SGP. (Prop. 9.) 

SG=S P=PMli NX. 


— taking away the common portion SX, wc have 
XC=XS = 2AS=semi-latas rectum. ( Prop. 2.) 
Fbe subnormal is therefore, of constant length* 

Exercises. 




50* lithe triangle SPU is equilateral, SP is equal to the latus 
rectum. 

✓ 

v 57. Show' how to draw (he normal at a point on a parabola 
"without drawing the tangent. 


53. Prove t hat PUS « 4 AS. SP. * 

l/ 

5u« t lie projection ot the normal at any point of a parabola on 
tlv focal distance of that p >int is equal to the scmi-lalus rectum. 


[Draw UH perp, to SP ; triangles PNU, PHU are congruent.] 
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CONICS. 


A 


u 




,/ ,<im. i^: propo3itiori n - 


^ The locus of the foot of the perpendicular from the W 
focus upon anp tangent to a parabola is the tangent at the 


vertex. 



Draw SY perpendicular to the tangent at P. It 
is required to show that Y lies on the tangent to the 
parabola at the vertex A. 

i ‘raw PM perp. to the directrix, and join MY,AY,SP 

Now in the two As SPY, MPY, 

• * SP = PM, PY is common, 

and L SPY— L MPY (PY being the tangent* 


A SY 
and L PYM 


YM ' 
L PYS 


= one right angle ; (cons.) 


to 


A SY and YM are in the same straight line* 
Now •; S Y = YM, (proved) and SA = AX, 

A AY is I) SIX. and is, therefore, the tangent 
the parabola at the vertex A. (Prop, l* cor.) 




* 
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Exercises. 




GO. Show that SYS a*AS. SP. * 

T Produce l’Y to meet the axis at T. SYT is art. angled trinngld 
and YA is ptrp. to the hypotenuse ; SYS s3£A>T=SA*SP] 

Shew that the triangles ASY, YPP nre equiangular. Huice t * 

\r 

prove that AY' touches the circle described on SP as diameter. 

V 02. The focus and a tangent of a parabola being given, the locus' * 

«*f the vertex is a circle. 


[Draw SY perp. to the tangent. The circle described on Si* as dia¬ 
meter is the required locus. ] 

./ f„'t. Given the focus, axis and a tangent of a parabola; find the 

V .« * 

vertex. 

Tf the tamr tit at V meet the axis iu T, and PX be the ordi- 

11 ate of P, piovctha': PI. TY—XT.'l S. 

1 ^5. If the vertex of a right angle, one arm of which always S 
passes through a fixed point, moves along a fixed straight line, the 
other arm will always touch a parabola. 

; The fixed p >int will be the focus, and the tixed straight line 
the taiigCnt at the vertex.] 

t/Cti. Given a pair of tangents and the focus of a parabola, 
find the directrix. 

fThe tangent at the vertex may be easily found and then the 
directrix.] 

1 ^37, Given the focus, axis and a tangent : Construct the para- ^ 

m 

tola. 

V(iH. Given the incus, a tangent and the length of the latus'^ 
lactam of a parabola ; construct the curve. 






u 


< JUNK !S«. 


Proposition 12. 


(fljT, / middle points of a system of parallel chords j ' ■ v 
of a jmrahola He on a stnuoht line parallel to the axis. 



Tjf‘t QQ f be one ol u system of na rail cl chords. 

* I 

Dniw SY perp. to QQ' and produce it to 
nveet the directrix at Iv. Through K. draw XV parallel 

to the axis, meeting iff at V. 



of QQ\ 

Q'M' perp. to the directrix 


Then A" shall he the mi 

From Q, Q' draw and 

• Join K\>, SQ.. 

From the rt. angled A 
MIC 3 =KQ* -QM 3 

= KQ 3 -SQ 3 (-.-SQ= 

= < K Y 3 + QY s ) - (SY 3 + QY 3 ) 

[ • • Y is a rf. L : 1 

= K Y 3 - s V s 
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Similarly, MTv 3 =KV 3 -SY 3 

MK==MK. 

Since the lino KY is ;j MQ, M'Q', and K is the 
middle point of 31M', 

V is the middle point, of QQ\ 


Now the line SY is a common focal perpendicular 
to all chords of the parallel system, the point K 

is lixed for the whole system ; and hence KY which 

*/ * 

is drawn pa railed to the axis must bisect every chord 
of the system. 


the middle points of all parallel chords lie on 
a straight line || the axis. 

Xote /. This pro]>osition might also he enunciated 
thus - 

7 he locus of the middle pa*n*8 of a system of parallel 
-chords of a paratola is a straight line parallel to the a rts. 

Definition. The locus of tin middle points of 




a system of pa railed chords in a conic is c 

diameter. 


ih 


ft» 


X ote 2. All diameters of a parabola are straight 

v 

lines parallel to the axis. 

Xote II. The axis of a parabola, because it bisects 
;i system of parallel chords, vfc. 9 chords parallel to 
the latus rectum, is a diameter. 


■ 
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Exercises. 


/ 






69. Given any diameter of a parabola, draw the svstcra of 

*r 

parallel chords bisected bv it. 


1^70. A parabola being traced on paper, find its focus and 
tlirectrix. 

[lake a pair of parallel chords and by joining their middle 
points get a diameter. From any point P on the parabola draw a 
perpendicular to this diameter and produce it to meet the parabola 
at Q. The right bisector of PQ is the axis. Then apply Ex. 13.] 

f i / 1 


^ 71. Tf a system of parallel chords make an angle of 47J i 

with the axis, their diameter passes through an extremity of the? 
3at us rectum. ' 

v 7y The difference between the segment> of any chord of a 
parabola made by the axis is equal to the parallel chord through 
the vertex. 



The tangent 
parabola is parallel 


Proposition 13. 

at the vertex of any diameter of a 
to the system of chords Inserted by it m 



Let BY be flic diameter bisecting a svi>t<#n of 
clio-rds parallel to QQ\ 
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Let tlie chord QQ' ma,1 ° to m0VP pan ' 1U ‘ . ? 
ifeelf towards B, so that its middle point \, vrhich 

always lies on the line BY, approaches B and ultimately 
coincides with it. 


J 


Since QV is always e.,uai to QT, *» ■»«■»■* 

*QVnuJ Q’V must simultaneously v.nusl. jn,l fl.e *« 

w v - .1 Pi,_+ r\ flu 


in tliis. its limiting position, becomes the 
parabola at lb 0 


lucent to the 

O 



' Hence TBT, which is the tillSBKjf|Osi l0n 
the chord QQ'. ^ parallel to the system of climbs bisected 

bv tlio iViduieter 1>V. 

’ * m I, - 


Note This proposition can ..spily proved by* * e 

to *""•*"*" «"•'* 

™ cor. The tangent at tlic vefta of a parahnla 
1^1 s parallel to the directrix. 





Definition The parameter of any diameter » 
flte fooaKhfifd bisected bjs.it.fc - 

'itr * ■ 

M 


The vertex of a diameter is the point where it 


cuts the parabol; 


i. 





Sa V 


■ 

( 


) 








\ 




28 


■ L C • 
or 


.CONICS. 

Proposition 14 


: / he parameter of any diameter, of a parabola is 

./*”**’ times the line joining the focus with the verted of 
the diameter . 



* 



Tjcr PQ be a focal chord of the parabola. 

Through S, draw SK perp. to PQ to meet the 
directrix at K. 

Through K. draw 1 vV parallel to the axis to 
meet the parabola at B. 

then KB\ is the diameter bisecting the chord 
PQ (Prop. 12.) ° 


1 is, therefore, the parameter of the diameter 


KV. 


Join SB. 

I hen PQ shall be equal to 4SB 
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From r and Q, draw PAf, <)M' pcrps. to th 
directrix. 

- • KSV is a rt. LL 1<SV= L SKA 

but L BKS= L BSK (•/ SB==B 
L BSV= L BYS; .\BV=BS. 
i.e.. SB=BK=BV and KV = 2 Sl*>. 

Again ■ • from the extremities 1% t i and tlio- middle 
point X of the chord perpendiculars PJ1. QM', A k are 
drawn on the directrix, 

}M'=2 VK. 





Sow PQ=SP+SQ 

= PM + QM' (Def. of parabola ) ; 

= 2 VK. (proved) 

= 4S1*» C. A'K = 2 SB). 

S X,,(<>.- Prop. 2 is a particular case of this proposition.. 

■ Definitions. If through a point on a parabola, 

n chord is drawn so as to bo bisected by a givenr 

diameter, then the portion of the chord intercepted bet- 
vveen that point and the diameter is called the ordinate 

«,f that, point witli respect to the given diameter. 

'[ho portion of a diameter intercepted between its 
vertex ami lie- ordinnto of a point is called the ab3CiS3a 
of the point with respect to the diameter. 



no 


CONICS. 




Exercises. 


73. The length of a fo^al chord being given, shew liov^ to draw A 

it * U#M & HfUtted**** €(*&¥( fa ‘ • t 


74. Draw a 
letn shall be three times the other. 


i — ^ 

chortl of a paraDOtaTonc of whose segments 


SgsBVzSV 




Proposition 15. 



"The ordinate (Q V) of any point (Q) on a 
to any diameter (B ) is a mean proportional between 

v 

the parameter (4BSj of the diameter and the abscissa 
(B V) of the point . ( Q \ 2 = 4BS. B I ) 




4' 


c 


t 









-Ik* 


o’y. 


Ay'- - u 62 ,V 


Tb 


Let QQ' be any chord. Draw SY at rt. L s to 
t, and produce YS to meet the directrix at K. 
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Draw KBV parallel to the axis, so that BV is tho 
•diameter bisecting QQ' in Y (Prop. 12), (.tV an.l BY 

being respectively tho ordinate and the abscissa of the 
point * 

Draw QM and QD porps. to the directrix and tho 
diameter. 1 raw SY' II EjQ'tj meet the diameter at V' 

.Join SB. 




aiul 


Tlu*n as in Prop. 14, SB —B'K=rB Y\ 

• ^ ’ * 

And QD* = MK 3 = KY 3 -SY 3 (Prop. 12., 

Prom tho similar As (JVD, KVY, 

°W7iMrT 

<JD KY" 






Again VY is |i SV", a side of A KS V 

' W Li • . £* 


f 


* 






K V 3 _ V'V 3 
KV* “ SY 3 ; 







. QV 3 ' KV 3 - V'V* 

’ ’QD* —KV 3 -SY 3 
but QD 3 = KY 3 -SY 3 
/. QV 3 = KV 3 - V'V 3 . 

But KV=KB+BV=SB+BV; 

and V'V= BV— BV’= BV —SB (proved). 

/. QV 3 =(SB+BV) 3 — (BV — BS) 3 
= 4 BS. BV. 




*- - 




* 


<4> 













CONICS, 



But 4 IS is the length of the parameter of flic dia¬ 
meter BV (Prop. 14); hence the ordinate QV is :i 
mean proportional between the parameter of the diameter 
BV and the abscissa BV. . 


7 

Vote. Vop. «i is a particular case of this proposition 



Exercises.' 



If the ordinate of a 


respect to a diameter is 


<qnal to thc"abs''issa of the point, shew that each of them is equal 

to the parameter of 11 »c diameter. 




70. If X be any point on the tangent at Q. ami if the Oiumettr 
through '1' meet the parabola in Ii, thoi QT J = fSQ.X'H. 


Draw* 

V 

in- HR' at 


chord HU 
V ; tli >n 1/ 


parallel to QT 
>*- = f SQ. QV, 


Mid draw ilianictoi 
*. &e.j 
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THE PARABOLA. jB 

I 

Miscellaneous Exercises, (l) 

77 ’ 11 from a point P of a circle, PC be drawn to the centre 

C, ami R be the middle point of the chord PQ drawn parallel to 

•a fixed diameter ACP.; then the locus of the intersection of CP 
and AH is a parabola. 

™ * * 

m * , 

X Q. l be point of intersection of CP and All, draw QN 

VTjy. to the tangent at A. Fcom similar triangles— ’ *- 


CQ 

or 


AQ 

AK 


AN 


(*•’ OR is parallel to AN). 


CQ-AN ; hence the required locus is a parabola whose foe U3 
IS at C and the directrix is the tangent to the circle auri 1 

,/ t J “* * 

78. AP, BQ arc two lines at. right angles to Afi ; T is jortTed'to 

any point Q on IQ; a point O is taken on AQ such that tbo 

pxpmdicnlnr OX on AP=BQ. Prove that Ac locus of O ■ * 

parabola. i * Js * 



{Prove OXJ -AX. AB ; # and^henoe the axis of the parabola 
AI* and latun rctuin«s AB.J 


IH 


79. In the figure of Prop. 15 ,prov* that QD3* 


4 AS.BV. 


to wav Tvs'fT*\ V T UnS 8K in Y - Thon te I—II, 

to QQ (Prop. 13.) .loin AY_tbcn AY ts the tangent at A (Prop. U 

Row trianglisQVO an 1SYA are similar- • s ' 3 , . 

‘ " QvT ! =a7r- A s ain tT 

angles B VS and 8YA arc similar, SY3 =SA. BS. Sir A - I 

80. If the focal chord PSQ of a parabola meets the dircctrb 
h D * t>rovC lhal D * aud Dp “re in Harmonica! progression. 

81. If a leaf of a book be folded so that one corner move, 
ak>n E «« opposite side, the line of the crease touches a parabola 
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[ Let the leaf FQXS be so folded that the corner S may move 
along the opposite side QX, and in any one of these positions 
let S coincide with a point 31 in QX. Let the crease XT' meet 
Xft 1 in T and SP in T'. Draw 31P porp. to QX to meet the crease 
in P. Join SP. Since, on folding the leaf, SP coincides with 3fIV 
SP=MP, and angle SPT=angle MPT. the crca e TT'to uches 
at P a parabola, of which the focus is S ami directrix QX.] 

82. If a parabola drawn through the middle points of the 

tides of a triangle ABC meets the sides again in P. Q, it, the lines 
Ap, BQj CR will be parallel to each other. 

[Let D, E F be the middle points of the sales BO, CA, AI>. 
Tiicn AIDE is a parallelogram. Hence, if AD and KF intersect 
in O. then O is the middle point of each of them. Join O to O', 
the middle point of DP. Then 00 is a diameter and AP is 
parallel to 00', i. e., parallel to the axis. Similarly ice. &e.] 

83. The directrices of parabolas which touch a given straight 

line and have their foci at a given point, pass through a fixed 

•_ * * 

- 

point. 


[Let S be the focus. From S draw SY perp. to the given 
st. line and produce SY to M, making YM=SY. Then 31 is the 
fixed point required.] 

84. PSp is a focal chord and PP a chord perpendicular to 
the tangent at P of a parabola. Prove that the diameter through 
p bisects PP'. 


[Draw the tangent at p, meeting the tangent at P in M on 
the directrix. *.* PMp is a rt. angle, p3t and PG are parallel.], 


85. The rectangle under the segments of a focal chord of a 
parabola varies as the length of the focal chord. 


[Lot the diameter BV bisect the focal chord PSp at V and let 
Av be the ordinate of A to BY. Then. SP. Sp = PV3 -SYS »PVS 
-A\3 ~4B3,BV-4BS.Bv.=4B3.vV~4 BS. AS = Pp. AS.] 
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S6. The rectangles contained by the segments of any two in¬ 
tersecting cluncls of a parabola are as the parameters of tho 
diameters which bisect* them. , * 

[Let POQ, P'OQ' be two intersecting chords, RO the diameter 
through O and BV the diameter bisecting PQ at V. Let Rv be. 
the ordinate of R to BV'. Then PO. 0Q=PV2 -0V3 = pya _R V » 

«4BS.vV« 4BS;R0. &e <feej 

8 #. Fhe normal at any point of a parabola is equal to tbo 
-ordinate which Insects the subnormal at the point. 

[Let QN' be the ordinate which bisects the subnormal 2TG at 
the point P. Then QN'3 AS.AJ^ / = s 4AS(AX+AS)«4AS l AN-h 
'4AS 3 — &c &e] * 

88 . Provo the following construction for drawing a pair of 
tangents to a parabola from an external point T:—■ 

With centreT and radius ST describe a circle cutting the direc¬ 
trix at M and M'. Draw MP and M'P / perpendiculars to the 

directrix to meet the parabola at P and P'. Then TP, TP' arc 

* - # - * >,§ * 

dhc tangents to the parabola from X. 

1 ' w * _ 

Hence show that the tangents drawn to a parabola from an 
•external point subtend equal angles at the focus. 

Ky. If a parabola roll upon another equal parabola, the vortices 

originally coinciding, the focus of the one traces out the directrix 
of the other. 

4 4 . .. * i ♦ i 

[Let 8, S' he the foci and P the point where the parabolas 
touch each other, then the common tangent at P bisects angle SI’8' 
and S'P is perp. to the directrix of the parabola whose focus is 
S. ALso SP=S / P,&c. &o.J 

90. BO, B O' are any two diameters. The ordinate of any 

point. J> on the parabola with respect to the di;mnUr BO meet 
100, B'O', BB'in 4 O, C, K 'respectively. Prove that 0D2 =00. OK* 



CONI''S. 


*» 



[Draw IV K parallel to ICO, Then 01)3 ==4SB. BO. and 0C3 


B'K3 —4 SB. BK, .* 


OP* 


on 

iIk 


OE OK 


, Ac. Ac.] 


OC3 BK B'K uC 

# i 

91. The tan gents at the ends of a, focal chord meet the 1 at u a 

f 

rectum at points equidistant from the focus. {Apply Ex. 36.] 

92. Thr t;u i-cuts at the extremities of parallel chords intersect 
on the diameter which bisects them. 


93 . l\r' arc the vertices of diameters bisecting two perpen¬ 
dicular chords of a parabola. Show that PP' passes through the- 

focus. 


[The tangents at P P' intersect at right angles.] 

94 . Given the arc of a parabola, find its focus and directrix. 


[By taking a pair of parallel chords draw their diameter and: 
then apply Prop. 15.] 

95 . In the figure of Prop. 15.. if PYP' be nnv chord through* 
V ( and PN, P'N' be ordinates to BY, prove that BV2 —BN.BN', 


„ I*NJ bn 

[TK 3 - -IBS.BN and PN'- ^ IBS. BN', .%~ BN* 


Again ^f-F^-SSr; BN'.VXi ^BX.VN-3 ; 
or BN' (BY - BN)* ' =BN(BN'- BV)3 etc. etc.] 

<a V 

96. If Alt, Sy arc perpendiculars from the vertex and focus 
upon.any tangent to a- parabola, prove that Sy3 *sSy.AK+6AJ * 

[Draw AKparallel to By meeting Sy at K, Then the triangle 
yAy aud KAS arc similar] . v. 

. ■ _ . 
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CHAPTER II 


THE ELLIPSE. 

An ellipse is the curve traced out by a poi 
whidi moves in a plane in such a maimer that its dis- 
tance from a fixed point in the plane, called the focus 
always bears a constant ratio less than unity, to its 
jporpendieular distance from a fixed straight line in 
the plane, called the direct r/.r. 

Proposition 1. 

(riven the focus, directrix, ami eccentric,it ij of a?* 
ellipse, to determine ant/ number of points on the carve ♦ 



« t 


* V 









LctS he tire focus, MXM* rlie the directrix and € 

*■ 

the eccentricity. 


From S draw SX p Tpcndionlar to the directrix. 
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Divide SX infernally at A, so that SA : AX : : ei ll 
Also divide XS externally at A', so that 

SA' : A'X :ie: 1 


Hence A and A' are, by definition, points on the- 
ellipse and are its vertices. 

* t m - 

In A A' take any point N and through A" draw 
PNP' perpendicular to AA'. With, centre S and radius 
equal to e. XX, describe a circle cutting PNP' in P 

and P\ Then P and ' shall be points on the ellipse.. 


Join SP and draw PM perpendicular to the directrix. 
Now S P = e* XN (cons.) —e. PM ; 

SP 

4 ** uvr = ^ • * by definition P is a point on 


the ellipse. Similarly it can he proved that P' is a 
point on the ellipse. 

In like manner, changing the position of the point 
N on AA'. any number of pairs of points like P and P* 
on the curve may he determined. 

Note 7. Since e is less than 1, SAds less than X.' 
and SA' is less than A'X, i . e A and A' are nearer to th 
focus than to the directrix. A and A' are on the 
same side of the directrix as S. 

Note 2 . The chord PP'* is bisected at N, y SX 
is drawn perpendicular on it from the centre Softhe 
circle. the ellipse is syimnmetrioal with respect to 
the axis A A'. 



THE ELLIPSE. 


O'.) 


Note 3. In order that the construction may he 
possible, ir is necessary that the circle must cut the 
perpendicular PXP r , Le,> the radius of the circle, <\ XX 
must not he smaller than SX, which is the distance of 
from the centre S. This is not possible if the point 
X is not taken in A A*. 


^ ten N is taken to the left of S* the above condi- 


SA 


i ft 


iion becomes / v (XS — S X) must not be b*ss than SX, 


SA, XS —SA. SX must not he less than AX. SX, 

SA. XS must not be less than SX. (AX -f SA),. 
SA. must na; be less than SX. XS, 


?V?., SA must not be less than SX, X must lie 
between S and A. 

. . . , . 4_. : ; f ; ; • ; ; u • 

Similarly when X is taken to the right of S, we can 


t 





5 * 


that the greatest and least values of XX are XA and — 

■ i v * ■< ■ . ~m jt _ ti ■ • m m> ■. ■ « ■ ■ ■ » m m m m m u ■ * ■ m . ti m * n * t ■ m m. a m ■- w * * * m r m 


x\. ■: . the greatest and least values of SP are tf.XA', 
snul e.XA., /.e., SA and SA'. Hence the focal dis¬ 
tance SP increases from SA to SA' as the point P 
moves alone the curve and can never become infinite* 
The ellipse is, therefore, a closed curve. 


jXote ft. It follows at once from the definition that 
the focal distance o? a point on the ellipse is e times its 
perpendicular distance from the directrix and conversely. 
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CONICS. 

Exercises. 


(£> 1. Focal radii vetjtcios equally inclined to the axis, and cn 

opposite sides of it, are equ U. 

/ 

2 . Construct an ellipse, having given the eccentricity, the focu* 

and the vertex. 

(&) Having given the eccentricity, focus and two points on the 
ellipse, shew how to describe the curve. 

fTli3 directrix t inches the two ciroljs having their centres at tixa 
fiven points, and radii equal td'tf times their focal distances*] 

4. Prove that the scmi-latns rectum of an ellipse, is equal to 
w kcro A is the vertex, S the focus and c the eccentricity. 

5 * If P and Q lie two points on an ellipse and if PK, QK' he any 
t-Vo parallel lines drawn through them to meet the directrix, th*n 
S p ] :SQ : : PK : QK\ 

f>. Any foe il chord PSp of an ellipse is produced to meet the di¬ 
rectrix at. D. Shew that SP: sp : : PD ; nD* 

V X ’ 

J f ^ t \ 

' * A point P Uos w ithin, on, or without the ellipse, according 
as the ratio SP; PM is less than, equal to, or greater tlian the eccen¬ 
tricity, PM being the perpendicular on the directrix. 

a 

Lfcrom P, draw PN perp. to the axis cutting the curve at P'; 
draw P M' perp. to the directrix.] 


/ 




T11E ELLIPSE, 

Proposition 2 


•it 


If any chord 

directrix In 7), then 
SQ and SQ\ 





°J an oil/pre intersects the 
SU bisects the exterior anole between 


Mi 

Vi 



])r;i\v QM, ( VyV perpendiculars on the directrix and 
produce QS to meet the ellipse in q. 

i Im- two Li s IHjAL :ind I)Q'M'are evidently similar f 

no oat />. 


DQ' Q'AL e. ( )'M' 

SO . 

= r,- , (7 0 and Q are points 

on the ellipse* 

le\y the base uy bf the triangle SQQ' has been divided 
externally at I) into segments in the ratio ot the sides- 
•SO, SO' of the triangle ; 



- • SD^bisects the L 0*S‘ / externally lx., bisects L Q'S<|- 









42 





& 

IS'-'' 


v/ 


Exercises. 


S. P.SQ is a fo"alchord. Prove that XI* and XQ are ciiiallv 
inclined to the axis. 


/•</ 

A.xl Q ai| d Q are two points on an ellipse of which S is a focus, 
/f 1-- The angle QbQ is bisected externally by a straight line which cuts 

the chord QQ produced at D. Prove that D is a point on the cor- 
1 r< | ir>1 ld in f J - directrix. 

Tfc will be proved hereafter that an ellipse has two foci 
and two directrices. 

/ 

10. P is any point oil an ellipse. AP and AT arc produced to 
meet the directrix at b,D". Prove that DSD' is aright angle. 

( / 

*$r fhven the eccentricity c, a focus and two points on an 

ellipse : find the directrix. 




I Use Ex. 9. to find a point D on the directrix. From D draw a' 
tangent to the circle described with cither of the given points as 
centre and e times its distance from the focus as radius,] 

■ A , 

v 12. PSQ is a focal chord; O is any point on the curve; PO, 

C^O produced meet the directrix in D,D". Prove that DSD' is a right 
jingle. 

S s j ||| 

. H ? Kl3. (riven the focus and two points on an ellipse, shew that the 
corresponding directrix will pass, through a fixed point. 

xjt \ -* . flj 

*i4. DQ is a straight line which meets the directrix of an ellipse 
at D and the curve at Q. At S the angle DSq is made equal to 
the angle DSQ. If DQ and qS. meet at Q', shew that Q' is a point 

• P mm J| | . | * 33 

«*n the ellipse. 





/ 


lo. A straight line which meets an ellipse will, in general, meet 
it in two plints, and no straight line can meet it iu more than 
two points. 
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4 :',. 


[The first part follows from the fact that the ellipse is n closed 
curve. Then prove the second part by the indirect method, apply¬ 


ing Proposition 2.} 

vie. Given a focus and three points on an ellipse: find tha- 

i 




directrix. [Apply 


Proposition 3, 



The portion o f the tangent to an ellipse at any ponxt 
intercepted between that point and the directrix subtends. 

M W 

a right angle at the fonts,jand converse!g.% Also the tan* 

tord intersect on the directrix., 


dents at the ends ot a 







i # 




» « 


First (/) Let any chord QQ' of the ellipse intersect 
the directrix in D. 


Then SD bisects the exterior L (/Sq (Prop. 2.) 


< % 
* 
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Now, let the chord ( Q' be made to rotate about, 
Q until the point Q' moves up to and coincides with Q, 
so shat the secant QQ D becomes the tangent QZ to the 
ellipse at Q. 



In this limiting position of the chord QQ', since Q 
and Q' coincide, the L QS(/ vanishes and the exterior 
L Q'Sq becomes a straight angle. But */ SZ always 

bisects L Q'Sq, in this case Z QSZ becomes a right 


angle. 



(//) converse!)/, let * Z subtend a right angle at S ; 
•then it shall he the tangent to the ellipse at Q. 

For i not, and if possible, let < t *Z' be the tangent, at 


Q. Join SZ'. 


V QZ'is a tangent, Z.QSZ' is a right angle; but, 
by hypothesis L QSZ is a right angle, which is absurd* 

j* 

~QZ is the tangent at Q. 
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Secondly. Let QSq be :i focal chord. 





' ' 








Draw SZ perpendicular to Qq meeting the directrix at / 

Join ZQ,Zq. 

Then L QSZ, L qSZ are right Angles, 

*\QZ, qZ are tangents to the ellipse, 
lienee the tangents at Q,q intersect on the directrix. 

Exercises. 

^17. Show how to draw a tangent to an ellipse at a given point 
on the curve. 

/ 


\ 


18. Tangents at the extremities of the latu3 rectum intersect 

in X. 

*/ 

19. The ordinate FN of any point Y on an ellipse meets 

tangent at Ij in Q ; prove that QN =»SP. ^ ^ IfM*? /UtC* 

If 

[Tho triangles LXS and tf.QN are similar ; SL=c. hX and 
S>r~«. XN.j 

^20. Given a focal chord of an ellipse, and tho tangents at ita- 
extremities ; find the focus. 

"4 

^21. If from any point o on the tangent at P of aa ellipse per - 
pondieulars OU aud 01 are drawn to SP and the directrix xc* 

pjetively, shew that 01* 

JZS IB parallel to OU ; SU : SP;: ZO; ZP : : 01; PMJ 
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♦ J t ~ d 


Definition. —The Major axis of an ellipse is the 
portion of tlie axis intercepted between the vertices 
A and A\ It is also called the transverse axis. 


The middle point of the major axis is called the centre 
of the ellipse. 


The chord (BOB') drawn through the centre (C) at 
right angles to the major axis is called the Minor axis- 



K£, .«£ teOH 


the the Conjugate axfcis 



The square ’of the ordinate of any point on an ellipse 
varies as the rectangle contained by the segments of the 
• axis made by the ordinate . (jPJ 3 ; AX*.¥2t is constant.) 






Akx 

* tv 4 y ft e\) 


PN ^ SC/ 

.. 

AN A* 




iset PN be the ordinate of the point P , so *hat AN 


and A'N are its abscissae. 


Join APjAT and produce them to meet the directrix 
in Z,Z f , Join SZ, and SZ\ 
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* f . * ■ '■ .. 

Join SP, and produce it. to cut the ellipse in p. 

Now the chord PA cuts the directrix in Z, lienee 
*SZ bisects L ASp (Prop. 2.) 

And similarly •/ AT is a chord which meets the 
directrix in Z', 

SX' bisects L PSA. 

Jut L s ‘PSA and pSA are supplementary angles, 

• . L ZSZ' is a right angle ; 

O o 7 

' and SX is drawn perpendicular from the riglit angle to 
.the hypotenuse ZZ', 

sx* =zx.z'x. 

Now the two As APN,AXZ are evidently 

. PN ZX 


similar. 


(>f 


* * AN AX 


r # 


Similarly from the similar As ATX and A'Z'X, 


o 




PN 

A'N 


Z'X_ 
A'X * 


. __ u . . . PN 3 ZX.Z'X 

••• Mult, l ,1 > u, S ANjTN = AXX'X 5 

* 

but ZX.Z'X = SX 2 (proved.) 

. PN 3 SX a 


• • AN.A'N AX.A'X * 

Pot the lines SX, AX, A'X do not change wherever 
the point P may be taken ; 

PN 3 . j* 

am An - is a constant ratio for all 






positions Of P. 
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3 


In the particular case whon P coincides with 
\N coincides with T>( ’.AX with AO and A'X with A'C ; 


BX 3 


BO 3 


AX. A'X AC. A'C A Jj*~~ 

for all positions of P, 

PN J _ BO 3 
'AN~VN ” AC 3 * 

Note, v • AX = CA — CX, and A'X = CA'4- ( f X 

= CA + CX 

AX.A'X = CA 3 - CX 3 . 

Heitoe the relation established above may bo stated 
thus : — 

PX 3 OB 3 

CA 3 - CX 3 ” CA 3 ”* 

Exercises. 


' CN '3 PX* 

/ 22, Provo that + = 

23- 1 1 PAI oo drawn perpendicular to the minor axis, deduc® 

that I*St« : PM. 1>'M ; ; CA* ; CiS.a 


. f r j\: /- 

L cftTtf (S' 




fCB-i PN2 'CBS -PX3 CB2 -CAI/ PMS CA3 

t CJ£ = CA* «*UN a " CNJ PM a • 1 C “cui. 

VdM. I t a point P moves such that PX’2 ; AN. A'N is a constant 

ratio, BN' being th • perpendicular from I* to the lina joining two 

jixed points A,a', and N being between A and A', die locufe oi P 

is an ellipse of which. A A' is an axis. 

J3. The ordinates of all points oil an ellipse being produced in 
the same ratio, the locus of their extremities is another ellipse. 

✓ , < T 

A ** perpendiculars drawn from po.uis on the cireuiufcitnc^- 

. cf a circle Ij a fixed diameter are cut in a gi\tu ratio, he Iccus- 

■ 

the points of section is an ellipse. 

I Sr*/ 





> * • 
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Propositions,. 

A ‘ * * 

The ellipse is .v/m metrical with respect to 

l i * ♦ 

ami has a seeorul f'octts anil directrix,. 


the 


mmor 



X. 


f 


Draw* any .nlioril IN at right 
axis !*!'/. cutting it at M. 

o i 

■ w 

]>raw the ordinates 

*/ rX and QN' are ordinates ; 

1 PN J CB- 

... _ . . * an< 


angles to the minor 



r t *> 


(< ,\ a - ( N ’ - 


(.R- 

- , X# *. 

< A ‘ 

OX'- 


(Prop, t Note. 


|IVi * < > V- 

* ' = -, l ,,v—, 1 Ut PN«QN f , being 

**<:v--rN- * a -IN - a 


opposite sides of a rectangle ; 
VCX-iX 























— 
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But PQ is any chord of the ellipse drawn at right 
angles to BB' ; .’.BB' bisects c'vl'ry chord of the ellipse 
drawn at rt. angles to it ; .and hence, by definition, the 

■ ellipse is symmetrical with respect to the minor axis. 

# 

% 

As the minor axis divides the ellipse into two parts 

such that each is the exact reflection of the other, if A'S' 
be cut off equal to AS and A'X' = AX, and X'Ai' be 
drawn at right angles to XX', the ellipse could be 
equally well described with S' as focus and X'M' as 

A 

directrix. 

j 1 

i The ellipse, therefore, has a second focus S' and a 

second directrix X'^l'. 


Note. It. must be distinctly understood that XK is 

m 

the directrix corresponding to the focus S and X'M'corres- 
ponding to tbe focus S'. 

Exercises. 


. t*V 27, All chords drawn through the ccm tap j&p c,, bisected at tbo 




centre, 


a iltnv* 





Note. JFrom this property the point C is called the centre of tbe ^ ^ 


curve. 


<P 


v 28. If two central chords of an ellipse aro equal, their extremi¬ 
ties lie on the circumference of a circle which has the same centre 

„ * t 

as the ellipse. 

Given an ellipse and one focus ; draw the major and minor- 


axes. 


[With the focus as centre and any radius describe a circle cutting 
tbe curve aV P and F'. IT' is bisected at light angles by tho major 


ax . c ;-l 


80. Given an ellipse and^t ~cen>r6; Tind the major and m‘.nor_ 
ares." 


• -m* ny ** ( 4 ^ 7 * 
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In the ellipse 


Proposition 6. 




We have from the definition, 

SA=*.AX, 

S A'—<?.A'X = e. AX', (Prop. 5.) 

/. by addition, SA+SA' = ^ ( AX VAX') 

or AA' = £. XX'. 




taking halves, OA = e. CX.... 

o 

Again, by subtraction, SA'— SA = <? (AX 

jT5 7 * 

or SS' = £. A A'. 


..( 1 ) 



taking halves, (’S — e. CA...(2) 


CA 


Lastly, from (1) e = and from (£) 


G9 

^ ’ I ^ « 

v A 


« • 


CA 

cx 






or 


s: (* v —i‘ \2 
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-« Exercises.- 




Prove that. * CX. 


Za. Given the centre, directrix, and eccentricity o£ an ellipse|, 
find the focus. V: . . , frV 


z 


2 ft, Given the ellipse and one locus, find the centre and th» 
eccentricity. ; * 


* 

fDescribe a circle with S centre, cutting the curve m P,Q. 


The axis bisects PQ at right angles. ] 


» n 


X 


i 


Proposition 7. 


The sum of tl><‘ load dUun,;-.< of' or,;, point on an 
lllivse is constant, and equal /<> •% lips . 

* M*** 



u' Ufri** 

x' ‘ * , 




■A7Y: 


* * 

' 


LetPbeVa.vy-poUit-ou-rthb olUpe whose foci .ire ! 

iA SWChen SP+ST will Uo ,eq«al to th « rn:,|0r ®" 

V 4 'M \ 2 m ' ' ’ , 

■» j i ► * ■ • * 


S' 

ixii 


/. t **■ - 

Through P.draw-MPM.' j to', the ax*. 
isT»erpendTcui:Vr to the .lire-trices. fWb h:ne 

’finition, 

SP = <’. PM, 


e * * «'* 


so tJiat 
from the 
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and ST-=f. PM'; 


<• 


. by a bKnjh SP + ST-* (PM+P1H 




* .V 


= = XX' 

% i 

= A A'. 


(Prop. 6). 


Exercises. 






4 * 


■^4. If a point moves in a plane so that tlie sum of its distance** 

from two fixed points in the plane is constant, then the point trac 

. v * , 

out ttn ellipse having the foci at the. given points and major axi# 


orpin] to the given sum of the distune os. 

t 


. 

[T-iet S,S' hi the fixed points and 2 a the given bngth. Join SS% 
produce it both wavs to A.A m iking ? \--S 7 .\ and ’ AA / *=2rr. Then 

i "the moving point L‘ shall lie on the ellipse whose foci are S,$' and 

■* ^ 

major axis A A". If not, let the line SP cut the ellipse at Q, <fcc.} 



35. The distance of either extn niitv of the minor axis fron* 
•either focus is equal to the semi-axUv-majoiy 

• V * 

v ‘lh). TVie sum of tin focal distances of any p rini is greater .tlian r 
-equal to, or leas th in the rtiajor axis, according as the point is with- 
JL-cmt, upon, or within tlie ellipse, and conversely. , 

V^37- Use Prop. 7. to prove that the m ijor axis is tho longest 

chord that can he drawn in the ellipse. 

*■ * " ■ • - * 

[Take any chord QQ'; then SQ-pS'Q-f-SQ'+S'Q'=2A A', bn© 
:SQ+-SQ' Is-greater 1h in Q ^’**ahd s S^Q 1 f-SA £ is groafcor than QQ' r 

,y 2AA' is greater than 2QQ', &c.J 
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e/ 


i 7 * 




.Vo^. The property proved in Ex. 34 above enables 
»is to construct an ellipse mechanically thus 


Fasten the ends of a string to two pins fixed at S 
and S' on a board (see fig. 1,) so that the string hangs 





Fiff. ^ 


*- * 


Fig. 1* 

loosely : or open your dividers and hold them up with" 
iheir points at two fixed points S, S' (see fig. 2). Now 
race a curve on the board with a pencil pressed against 
the string, so as to keep it, always streched. The 
curve traced out will be an ellipse with foci at S and S', 
and major axis equal to the length of the string, for 
wherever the pencil P goes, SP + ST is always equal 

to the legth of the string. 













. 


Proposition 8. ^ 

In tlte ellipse,. CB : = C'A- - CS 2 = SA.SA' 


V 


* 



Let B be an extremity of the minor axis; join 
B and S'B. 
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i).> 


Then SB + S'B=AA'. 


(Prop. 7.) 

. , But since the As BCS and BCS' nre evidently 
equal, SB = S'B ; hence hy taking halves, SB=,CA. 
Now in the right. angled triangle SOB, 

CB* = SB 2 - SC* = 0A-' - SC-.(i) 

= (04+SC) (CA-SC) 

= (CA'* 03) (CA - SC) = SA.SA'.......(2) 



3S. 




38. Provo that e2 = 1 — 






0A3 * 1 


39, Provo that CP3 =»OB3 -j- c3. CX3 ■ and honco deduce that 


of all Hue-} drawn from the ccutfo to fcho ^gurveL OA is tho 

greatest and CB lho least. Cfs ftfrirtS Z&gkQfatPf 

[Apply Prop. 1 and E:c. 38.] £ &£ m s, Bt’+fert? 

V / 


./ v *h* 

▼ Honco shew that tho circle described on 'tho major axis of an 
ellipse as diameter lies wholly) without the curve. 

V 40, Tho semi-latus rectum is a third proportional to AC and PC. 

‘At- If the angle SBS' is a right angle, show that CA = */ 2. CB. 

Hence, find the value of c. ^ * - * f -? 

V42. Given a focus S and a poiM V ou an ellipse, and the lengths 
of the major and minor axes, find the ^ 

fOn SP produced, take SK major’Dntis ; lies on the circlo 
whose centre is P and radius; PJ>. On JSK as diameter describe a 

* % mm 

circle, and place in it KH - minor axis ; S' lies also on the circle 
whose centre is S and radius SH.]<g. ^♦ . 

» f m * ** 

/ 43, A circle is drawn wholly‘within another circle. Prove that 
the locus of the centre of a ciiv) :-a inch torches these two- circles 
Is an ellipse, fiJUi i** * 
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[The centres of the given circles will be the foci and the sum oC 
Hie radii the major axis of the ellipse]. 



V: 


44. If e r find the magnitude of the angle SBS', [90 


*'* > 


Proposition 9. 

' The loens of the middle points of any system of paral¬ 
lel chords of an ellipse is a straight line passing through 
the centre. 


v*. 


29 



h * 


Let-PQ te a chord of the ellipse whose middle point 
is V ; let PM, oX and Vft be perpendiculars to the axis. 
. * *• < From Q tiraw I) perpendicular to PM. 


si* ^ 


. J * 

f 


Bv Prop. 4. Note, PM-:ChV 2 — GM 2 

. _ _ ^ Jt * ., / A , t 1 1 


cand QN 2 : CA 2 - L’X 2 

■ • l 


• * 


CB 2 :CA 2 ; 
UB 2 : CA 2 ; 


* ^ * 




- Bv addendo. 


CB 2 : CA 2 = PM 2 - ON 2 ;CN 2 - 


.'t 


* % * w 




.*(i) 


^ mi . • ' » * 


*i 4 ' 


X t ^ > 


Now PM 2 -QN 2 =(PM -fQN) (PM-QX) ; 
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Imt PM+ QN=2yR, since V istjie middle point of PQ 
and PM — QJT=PM — 1 >.M = PD ; 

P3I - — QN- = 2 VR. I’D, 

% * * 

Again C>|“ — CM - = 

but ON + OM = MN =QD being opposite sides, 

and CX-(.\I = (CR + RN) — (11M —CR) = 2CR, sinc0 

RX = RM, bang projections of erjual lines PV 
and OV : 




OX- — CM 2 = 2CI1 




% 


Substituting 


■ n ^ CR2 
in (1), CA2 


VR PD 

cir t/u’ 


Now draw any chord P'Q' || to PQ and as 
■before from P # ,Q* and the middle point V' draw per¬ 
pendiculars Q'X' and YTEP to the major axis. Then 

ij;\is evident that similarly as before it can be proved that 
<’!>- YdPP'IV 

('\- = ('U' n/ir where Q'D' is a straight line || to the 
axis meeting P'M'at Db 

. VR PD_V'R' P'D' 

■ ‘Clt • QI) ( IP -QT)'.*.£*)• 


But since the two As PD > 
evidently similar having throe sides of 
three sides of the other, each to each. 


and P'P’n' art* 
the one || to the 


. PD P'D' . VR V'R' 

;,n oi.)=q'd' ; fl ' 0,n (2 >cji=iip- 

i Now join CV and CV # . 
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The two right angled As CYR and CV'R' 
their sides about the right angles proportional ; 

A L VCR = L YVIV ; 


have- 


\ 'lies on the straight line through C,V. 

Similarly, it can be shewn that the middle point of 
any other chord to PQ lies on the st. line through 
C,Vh Hence the diameter of an ellipse is a straight li 
passing through its centre. 




Exercises. 


45. Use Prop.9 to show that a straight line cannot meet an 
ellipse in more than two points. ' 

V 40. Given an ellipse ; find its emtre, foci and directrices. 


Proposition 10. 


The tangent to an ellipse at either ext remitg of a 
' diameter is pa railel to the system of chords bisected by the 
diameter . 


T' 



Let TDT' he the tangent at the extremity D of the 
diameter DCD f and let PP f be one of the system of 

chords bisected by that diameter. 
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It is required to prove that TT' is |) to PPL 

If DT is not H to PPL if possible draw DQ || to PPL 


Since DQ does not touch the ellipse at D, it wL. cut 

% 

the curve again at some point Q. 


Now; the chord DQ is || to HBL .*• DQ is bisected 
by CD ; this is impossible. Hence TDL V is || to l I . 


JS^ote. This proposition can also he proved by the 
method of limits , i.e. y by considering the tangent to be 
the i uniting position of a chord whose points ot intei- 
scction with the curve are coincident. A\ e leave the 

proof to! the reader as an exercise. 

• 1 -■ -• ,X>'' L 

f Exercises. 


V. 

* * i 


/ 


47. The tangents at the vertices of an ellipse are perpendicular 
to the major axis. 


48. The straight line joining the points of contact of two p iral 
lei tangents passes through the centre. 




40. An ellipse is described about the triangle ABC* h^iie' Jtj 


C 

centre at the point of intersection O of th j medians- OO 

produced meet the illiphC in I\Q.K Prove that the tang< nts at 
PjQ, R form a triangle similar to ABC. 


ofi* 

*,A lit4 

A. Z it & * * A /? . 






€0 


CONICS. 



**r" 


Proposition 11. 

7 In tangent at any point on an ellipse makes equal 


angles with the focal distances of the point . 


, ^ 


,v* 


* % 



Lot the tan cr oat at P 


directrices at Z, Z'„ 


Join SP, S'P. 


Then shall ZSPZ= L STZ'. 


Through P draw MPM' || to the axis, so that it is 
perpendicular to the directrices. - • - 


* *■* - p 


'C' 
n . 


a . Join ZS, MS, Z'S 

V L PSZ is ;i right angle, being subtended at the focus by 

* 

the tangent PZ' : 


and L PJIZ is aright angle, by construction, 


S, P, M,Z are concyclic. 

4 ,* ' 

L S PZ == L SMZ. in the s:i ne segment* 


.Jft 











= Z.S.MX. 

Jlrf 



















/ 
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4s :iin ’ t PS'Z' is a. right angle, being subtended at 

■ * ' * * 

the focus by the tangent PZ'; 

Ik 4 * i 

* , * * ' * 4 

L PM’// is a right angle, by construction ; / 

a.*., on the same base PZ' ami on the same side of* if, 
there are two As PS'Z', PM'// having their vertical 

/ f 

- ■ 

L s equal, 

•» * *• 

V. P, S\M',Z' aro concyclio. 


Now the si* lo Z'M' of the cyclic quadrilateral PS'\f'Z f 
is produced to X', 


. /. the exterior L S'M'X r =: opposite interior L S'PZ', 
Now in the two As SXM, S'X'M 




( X^=X'S' 

'•< X M = X'M', hid 



* ! 


fieing opposite sides of a rectangle,. 


^ L SXM= L S'X'Sl' being right L s. 


/.the As are congruent, so that L SMX~ L S'M'X'. 


b/ 


■Rut It h<w•hern proved Unit i M \ 

/ S'M'X'= L S*PZ'; 

. • /. Z SPZ*= ZS'PZ'. 


Z SPZ : :i nd 


r f 


+1 -* 


Cor. 1. Tin? Kmrn^ jit any point on an ellipse 
ertevihk * tins dingle between the focal distance* 



of the point; and 1 km ice < onvers**i\ 


^ / 


t' 


> 


1 r * 


rift’ i?,t'tei*u*ll (n$G<'tOt' oj th& fXiVjl*’ AW tceen th# fOC&l 

di$tiineva of a* pvtsU on nn elUpwC m the t 
pond, . ‘ - f 


it nt thilt 


% 

i * 


, * V 
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Cor. 2. Tlie normal 

intern //, i > is tots the angle 
of a point. 


at any point on an ellipse 
between the focal distances 


l 


Exercises. 


50. Use Prop* 11 to show that the tangent at the vertex is at 
right angles to the major axis. (ef. Ex. 4**?. 

t/ w'is* 

*51, The ptTp‘--ndicnlars from Z and 7/ on SP intercept a length 
equal to the major axis. 




52. Q is any point on the tangent at P to an ellipse whose foci 
are S and S'. Shew that SP+S'P is less than SQ+S'Q. 


>Ai 


53. Given the foci of an ellipse and a tangent ; find the point 
of contact. 


[From S aar SM perp. to the tangent ; produce SM to Q making 
* join QS' chitting the tangent at P. P is the paint of 

“W. V 

contact.] 


Note. Q is called the im 


,of the focus S in the tangent.- 

54. An epipse is described with a given focus touching a given* 
straight* line. Shew that the straight line joining the paint 
cf contact and the other focus passes through a fixed point. 


[Tba fixed p>'nt is the yqye oF_th^ ^veji foenft in th& 
iraierht li 


✓ 55. The noTmnl at any point, on an ^ellipse divides the distance 


between the foci in the ratio of the focal distances of the point* 


/ 




















,v 


for 


&■ . r Prove that the locus of the image of the foeus in the tagprnt. , - 

,is « pivclc. *J Lhunl UHty ' ( 

Given a foerd chord of an eflip;e ond the taagmts at it* 

, ^xtemities ; find the foci and the length of the major axis. - ^ ^ ^ 

fc m. * J7 

how to a:scribe the curve. ^ / • &. Hm 

f 
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Definition. The circle described on the major 

ot an <'Ilipse as diameter is called the auxiliary 
circle. ■ —^ 


: - - 


Proposition 12 

27** locus of the foot of the perperdlcUlar drawn 
from either focus upon any tangent to an ellipse is the 
auxiliary circle ; and the vectanjle under the focal 
pendicuhtvs on the tamjent is equal to the square of the semi ~ 
a.cU-minor. (SV. $Y*==CB 2 i) 















1 

/Vp 


— f 1 

/ 

M J 

[V 

i / V / 

A J 

Jf Jr 

I 

/ X 

*' Jr * 

iT * i X. 


1 

k b v 


*1 


z 


* w 

Let SY. S-Y' h * the focal perpendiculars upon 

tangent at any point P. .* 

¥ 

(/) Then shall Y, Y' lie on the auxiliary circle. 
Join BP, ST ; and produce ST to meet SY in K 

, * w * t • 7 * . 

Join CY. 

Then in the As SPY, KPY, 


the 
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f - s r Y = IK PY. (Prop. 11. Tor. 1. 

*/ 'j ^Y P = Z KYP ? being right angles , 
(. l*Y i» common; 

# 

/. SP = PK and SY=YK. 

J » * 

» * 4 i # 

■ 1 *' - ‘ „ ■* * 

* * 

-Now • • SY = Y Iv anti SC = CS'; 

4 V %. ’ X ~ * * T A f ‘ r 

/. ( Y is [] to and half of S'K. 

^4-, , ' ‘ ^ 1 * t r * * 

f \ 

Henco CY = S'K 

a# 

= 1 (ST+PK) 

= J(ST+SP) [vPKiSP; 

= ’ AA' [Pton. 7. 


= C A. 


s 


* * Y must Hi? on the auxiliary circle., 

* f v 

Similarly it ,nia;f be sfi&wn rIuet Y( lies, on the 

V* s ‘ „ * * t' 

circle. • C 


* 


$ ^ 


.*. SY 

m 

/.<?. 
Now 



* * 


same 


0*0 Xow produce XV and Y*S' to mdet at Z. 

In the two AsA'SY, OS'Z 

&■ * - - 

cs=sc* • 

Z S< JY=S'<'Z, being vertically opposite 
Z (JSY =(.'S'Z. being alternate ancles 


=S'Z:md CY=CZ-; 

lies on the auxiliary cirole. 

SY = S'Z, 

SY. S'Y' = S'Y''. S'Z 

= S’A. S'.V [AA', Y’Z are two inter- 
Sfoting chords of the circle. 

= S.V. SA=BC S [Prop. fc 




tiie ellipse. 

® J * ■ ig 0 

^ Exercises. 

° 8 ' If CE parallel to the tangent at P meets SP.S'P in F E' ty f " 

provcth ^ f tic»*£7 t > 7 

% pe=pe'=ca. •'< . 

3jfsE=SE'. *P££fy* 

mn the circum-eirclcs of the triangles CSE and ^CST^ar &T%?t 

equal. 

S 

59. Given a focus> a tangent, and* the length of the minor axis; 
the locus of tiit- other focus is a straight line, jj fUu# 

[*.* S\. S V'*=CB' : , .*. S V' is of constant length, hence &c.*l ** 

hO. Given a focus, a pair of tangents and the length of the minor 
axis of an ellipse; construct the curve. 

r . 

[Obtain the second focus by applying Ex. $7;] 

V 0l. Ii through any point V on the auxiliary circle \T be drawn 

at right angles to S\, ^ l 1 will be a tangent to the ellipse. 

’ 1 9 

t>2. If the vertex of a right angle moves on a fixed circle, nnrl 
one leg passes through a fixed pointj^uu? other leg will always touch 
an ellipse. (Cf. Chap. I. Ex. 65. C 

/ * 
ti.j. Ry, Sx are the perpendiculars from a focus S on the tangent 

and normal at any point of tin ellipse ; prove that yx passes through 
the centre. 

f% Ay ? m-luc 

[Draw the normal PG meeting Cy at x ; then prove that £xP is 
a rt. angle.] • * . 
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CONICS. 


Miscellaneous Exercises. (II.) 


64. Show that a circle through the two foci of an ellipse and 
a point on the curve passes through the points where the tangent 
and normal at the point meet the minor ..xis. 

[Draw the circle SP3' cutting the minor axis in t and g. Prove that 

Pa and Pt are normal and tangent, noting that tg is a diameter of 


the circle.] 

65. If the ordinate PM of any point P on an ellipse is produced 
to meet the auxiliary circle at P', prove that PN: P N : : BC . AC. 


66. The side A 6 of a triangle A PC is fixed and the point of 

intersection of the angle A with the side BC moves on a fixed line 

Ij ; prove that the locus of C is a conic, having A fora focus, L 
for directrix, and passing through B. 


[CN, BM are perpendiculars on Ij. CA : AB : : CK 
CM : BM ; CA : CN : : AB : BM.] 


BK 


67. P7JQ is a diameter of an ellipse and R is any point on the 
curve. Shew that the diameter bisecting chords parallel to PR is 

parallel to QR* 

63. S. S' are the foci of an ellipse ; S'R is drawn equal to AA' ; 
the line bisecting R3 at right angles touchesthe ellipse. 

[The right bisector of RS must meet the ellipse at the point where 

S'R cuts the ellipse.] 

* * w # 

63A -S,S' arc the foci of an ellipse ; SY is perpendicular on the 
tangent at P. Prove that S'Y bisects the normal at P. 

[Produce SY and S'P to meet at K. Then SY=YK and *.* SK 
and PG are parallel, &c. &c.] 

70. If from a point O on tbe tangent at an y point of an ellipse 

perpendiculars OU and OI tc drawn to SP and ti e directrix i» 

pectively then SU=e. OI. 


THE ELLIPSE. (57 

[Join SZ ana draw PM pc-rp. to the directrix. Triangles PSZ and 
POU are similar. 

71 * Tb0 tan g e nt at any point Q of an ellipse meets the 
latus rectum at D and the corresponding directrix at Z ; prove that 
SD=c. SZ. 


[Draw QM peip. to the directrix. *,* SI) and SZ are respeetivclv' 

perp. to QM and SQ; angle DSZ = angle SQM, and angle 

SZQ =s angle SMQ, v S,Z,M,Q are concyclic points. Hence triangles 
SDZ and SQM are similar ; Ac, Ac.] 

* 

The tangent at any point P of a circle meets rhe tangent 
at the extemity A of a fixed diameter ACB in T. Find th- locus of 
intersection (Q) of AF and BT. 

[Draw QM perp. to AD. The triangles QMA, APB, ATC are similar ; 
and triangles QMB and TAP are similar. ,*. QM 3 : AM. BM : ; 
AC : AB. Hence Ac, Ac., 

73. If two fixed points Q,Q' on an ellipse be joined with a 

variable point O on the curve, the segment PP' intercepted on either 
directrix by the chords QO and Q'O produced, subtends a constant 
angle at the corresponding focus, (ef. Chap, I. Ex. 29.) 

[Frove that angle PSP'=£ angle QSQ', and Ac. Ac.J 

74. P is any point on an ellipse : prove that the circle described 
on SP as diameter touches the auxiliary circle. 


75. The central perpendicular on the tangent at. P meets SP pro¬ 
duced in Q, Prove that the locus of Q is a circle. 

V 

[III the fig of Prop. 12, let SP cut YC at M and CQ cut ST at O. 
Now PQ ~ PO ; MQ=MC. Hence SQ=SM-f MQ 
= YM-f MC =YC =CA. 

# # *'' 'il.' -. 

the locus of Q is a circle whose centre is S and radius = CA.J 
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CONICS. 


76. A piece of paper cut out in the rhape of a circle, is folded 
so that its circumference passes through a fixed point in the 
poper. Shew that the crease produced in the paper touches an. 

ellipse. * . 

[Take a circle and the fixed point S within it. Join S to any 

point Q on the circle and let the right bisector of SQ be the chord 

Tt of the circle. If the circle is now folded about Tt, it is easily 

* 

seen that Q coincides with S and Tt is the crease. Join Q to 
the centre S' cutting Tt at P. Join SP. SP-f-S'P is equal to the radius 
of the circle and angle SPQ is bisected by Tt. Tt touches at P the 
ellipse whose foci are S,S' and whose major axis is equal to the 
radius of the circle.] 

77. If the normal at any point P on an ellipse meets the major 
axis at G, shew that SG — e, SP. 

[S'P: SP : : S'G : SG ; A A" : SP : : SS' : SG, whence Ac.] 

78. The normal at any point on an ellipse is the harmonic mean 
between the focal perpendiculars on the tangent at the point. 

[D/a.y SR perp. to PG and GR' perp. to S'Y . Then S'Y : SY : : 
S'P: SP : : S'G : SG : : S'R': GR : : S'Y'-PG : PG-SY.] 

79. If one diameter of an ellipse bisects chords parallel to 
second, the second diameter bisects chords parallel to the first. 

Note, Such, diameters arc called Conjugate to each other. 

80. In an ellipse shew that SP. S'P — 0A--j-GB* —CP-. 

[SP+S'P=AA'; SP 2 +-S'P 2 +2SP. S'P=4CA 3 

but SP 3 +S'P 4 =2 SC 3 +2CP 3 ; 

SC 2 +CP 2 -fSP. S'P=2 CA a ; Ac. Ac.] 

81. An ellipse inscribed in a triangle has one of its foci at 
the orthocentre ; show that its auxiliary circle is the nine point* 

circle of the triangle. 


THE ELLIPSE. 


C9 


[The auxiliary circle passes through tlio feet of the per. 
pendiculars.] 

82. An ellipse inscribed in a triangle has one focus at the cir- 
cumcentre of the triangle. Prove that the major axis is equal to 
the radius of the circumcircle. 

[The auxiliary circle passes through the middle points of 
the sides and is hence, the nine-points circle of the triangle. 
Moreover the diameter of the nine-points circle — radius of tho 
circumcircle.] 

83. A straight line RS moves in such a manner that the tv. o 
fixed points A and B in it lie on two straight lines OX and OY at 
right angles to one another. Shew that a third fixed point in the 
line describes an ellipse. 

[Let P be the third fixed point. Draw OQ parallel and =AF, 
Then evidently Q lies on a fixed circle whose centre is O and radius — 
AP. Join QP cutting OY at M. Now QP : PM — 0A : : : 

A13 : PB=a fixed ratio. Also FM is perp. to the fixed line OY. Apply 

Ex. 20.] 

% 

84. If a series of ellipses are described upon the same major 
axis, the tangents at tho ends of their latera recta meet tlio mum. 

axis at a fixed'point. 

[The distance of the pt. of rntecsectin of t i9 tangent . with the 
minor axis from the contro is equal to tho semi-major-axis] 
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